The van der Pauw method to calculate the sheet resistance and the mobility of a semiconductor is a pervasive technique both in the microelectronics industry and in the condensed matter science field. There are hundreds of papers dealing with the influence of the contact size, nonuniformities and other second order effects. In this paper we will develop a simple methodology to evaluate the error produced by finite size contacts, detect the presence of contact resistance, calculate it for each contact, and determine the linear or rectifying behavior of the contact. We will also calculate the errors produced by the use of voltmeters with finite input resistance in relation with the sample sheet resistance.
1.-Introduction
The four-point probe measuring technique is very well known from the beginning of the XX century when Wenner proposed it to measure the earth resistivity 1 . Later Valdes 2 adapted it for semiconductor measurements. The collinear four-point probe has been of great importance for the microelectronic industry. The determination of implantation uniformity over the whole wafer is an example.
The method undergoes an important change with the famous paper by van der Pauw 3 where the author solved the problem of measurements on arbitrary samples by placing four infinitely small contacts on the sample border. Nevertheless, from a theoretical point of view an ideal point contact has infinite resistance, thus to conduct a finite current requires an infinite applied potential and from the experimental point of view it is impossible to place this kind of contact on a sample. For these reasons it is possible to find a great quantity of papers and books 4 , 5 dealing with the influence of the contact size on the measurement accuracy. Some of the papers address the subject from a mathematical point of view 6 while others use experimental set-ups. 7 The influence of anisotropy 8 or non-uniformities 9 is also a point of concern. Some authors face the problem of inhomogeneities using more than four contacts as for example Szymański et al 2 10 which add 2 extra contacts over the usual 4. Also, the sample thickness has been studied regarding the precision of the measurements 11 .
The main advantage of the collinear four-point probe or the van der Pauw set up is the theoretical independence of the results from the contact resistance. Of course, this insensitivity has limits, some of them related to the sample, as for example, surface currents and others related to the measurement equipment, such as the compliance range of the current source or the impedance and sensitivity of the voltmeters.
In samples where it is suspected the existence of contact resistance it is very usual to use the technique known as Transfer Length Method (TLM) 4, 5, 12 to measure it and also to find the sample resistance. This technique implies defining several contacts, usually by lithography. The main problem is that the sample can not be used for any other purpose, as for example Hall mobility measurements. Having a unique sample to measure the sheet resistance, contact resistance and Hall mobility the method we propose here could be very useful.
Surprisingly, there is not, to our knowledge, any paper dealing with a method to calculate the contact resistance, using the van der Pauw configuration, in spite of the fact that could be easily calculated. We will propose in this paper a methodology to detect and to measure the specific contact resistance for each one of the four contacts.
All through the paper, we will deal with a square sample with contacts at all the corners, uniform in resistivity and thin enough to assure that the voltage equipotentials are bidimensional. Also, we will neglect the thermogalvanic effects that could appear at the contacts. We will assume uniform temperature all over the sample.
2.-Equipment
The most common set up for van der Pauw measurements uses a constant current source and a sensitive voltmeter. This set-up has a serious drawback because the current source or the voltmeter has to have floating ground. The absence of a common ground is very prone to electronic noise. Some years ago 13 it was proposed that to improve the signal to noise ratio it would be a better option to use grounded impedance adapters previous to a differential voltmeter or to an ungrounded voltmeter. With the increasing precision and sensitivity of the present analog to digital converter technology, the best option is to use high precision, high impedance digital voltmeters and subtract the readings. Our set-up uses a Keithley SCS-4200
with four SMUs (Source and Measure Unit) sharing a common ground. With this set-up we can measure voltages of 2 volts with a nominal error of 10μV. Under the SCS-4200 computerized 3 control we can rotate the sample connections and also invert the current source automatically without the use of switches or relays which are other possible sources of errors.
The most common sample shape used in the semiconductor field is a square for its simplicity to be cleaved or defined with lithography. The schematic set-up is depicted on Fig 1. Contact 1 is grounded by setting the SMU to 0 volts. Contact 2 is fed with a constant current and besides we measure the potential developed by the current source. The other two SMUs (contacts 3 and 4) are used just as high impedance voltmeters and we save the voltages of both SMUs referred to ground.
3.-Method to detect the error due to finite size contacts
The key question in our measurement method is to know the relation between the potentials at the three corners (the potential at the output of the current source, V2, and the potentials at the voltage corners, V3 and V4). This relation is not analytical and it strongly depends on the contact size, or more precisely the contact size/sample size ratio. Van der Pauw suggested that contact size should be sizeless. In that case, the resistance of a conductor with an infinitely small section is infinite and consequently we will need an infinite potential to force a finite current through this contact i.e. the current source compliance range should be infinite.
As the potential difference between contact 3 and contact 4 is not dependent on the voltage on According to that symmetry, and for a better understanding of the pictures, in the following we will represent just one half of the voltage plots i.e. assuming a 0 potential at line AA'. We will use this line as the Y-axis, and the line that passes through contact 1 and contact 2 will be the xaxis. With this Cartesian coordinate system we can write: V(x, y) =-V(-x,y).
3.2.-Method validation
To check the validity of the PSPICE simulation we will compare, at first, the equipotential curves in the model with the same curves in a real sample. To this purpose we have cut a 1x1cm silicon sample of a n type wafer of 52 cm resistivity and 30025 µm thickness. needed to obtain enough precision to compare our simulated results with the data obtained by
Chwang. As it can be seen in the figure, in both cases (triangular and square contacts) the data fit accurately.
3.3.-Some results with different electrode sizes PSPICE allows us to determine the error as a function of the electrode size for a particular shape.
In the case of triangular contacts, we represent in The first column is the number of rows and columns that have been short circuited to simulate the contact size, the second column is the percentage of the lateral electrode size () related to the side of the square sample (l) i.e. in this case the number in the first column divided by 48
and multiplied by 100 . The third column is the voltage developed at the current source contact (V2), fourth and fifth columns are the voltages at the opposite corners (V3 and V4) being the sixth the difference between both. The seventh column is the simulated sheet resistance according to the simulated voltage values of the previous columns and the van der Pauw formula, and the eighth the error respective to its theoretical value. The ninth, Rp, is the resistance seen from the current source to ground (that is to say V2 divided by the injected current) which is, by symmetry, the same as the one seen between any two contiguous contacts. The tenth column is the alpha coefficient (), defined as the quotient between the resistance Rp seen between two contiguous corners and the simulated sheet resistance calculated in column 7. Finally, the eleventh column shows V2/ΔV, the quotient between the voltage at the current source and the differential voltage at the opposite corners ΔV=(V3-V4). Table II : Pspice simulation results for a square sample with square contacts. The meaning of the columns is identical to the ones in Table I   1  2  3  4  5  6  7  8  9  10 11 The last two columns are related through the factor π/ln(2) because according to van der Pauw:
and the aforementioned relation holds. The relation between column 3 and column 9 is the injected current, in this case 1mA.
From the results on table I it is clear that using triangular contacts on the corners of a square sample is a good choice because even with a cathetus as big as a 25% of the sample side the error is only about 3% while with square contacts the error increases to a value as high as 12%.
In the samples described up to this point, in which we have assumed there is not any contact resistance, we will have V2=V3+V4 irrespective of the contact size. This relation holds from symmetry because V2=(V2-V3)+V3 and (V2-V3)=(V4-V1)=V4 as V1=0. This relation can be checked in table 1.
The former relation can be extended to any sample with mirror symmetry and equidistant contacts as long as they have the same shape and size. If a particular symmetrical sample with non-limiting and well defined contacts does not follow the equation V2=V3+V4 this means that we have some kind of non-uniformity in the sheet resistance.
4.-Contact resistance determination:

4.1-Theory
While in theory the van der Pauw technique is not prone to errors due to the presence of contact resistance, the fact is that above a determined resistance added by the contacts, the measurements become noisy and erratic. Consequently it is interesting to have a procedure to know:
1.-if there is an important contact resistance, 2.-if the contact resistance is the same in the four contacts 3.
-if any or all of them are rectifying.
Of course the contact resistance depends on the contact area. To obtain the specific contact resistance we have to divide the contact resistance by the contact area. Those contact resistances are not the resistances between the probes and the metal contact, which is usually negligible, but the contact resistance between the evaporated metal and the sample. In the case of semiconductors those resistances could be appreciable and depend on the current direction and the current value themselves because they are frequently non-ohmic. It is well known that in case of III-V or II-VI semiconductors the issue of making good contacts could be a real problem.
In the paper we give the method to detect the contact non linearity and its dependence on the current. Figure 6 shows the potentials in a sample with contact resistances (Rc). In this figure we distinguish between the measured potentials at the metallic electrodes Vi (extrinsic voltages) and the potentials in the corners of the sample V´i (intrinsic voltages)
The process to determine the contact resistance starts by calculating the  parameter. It is supposed that we know the geometry of our sample and the relative size of the contacts. From these data we can generate with PSPICE a table similar to table 1 for a particular set of sample and contact size and shape. In the case represented in figure 6 , π/ln(2) = (V'2-V´1)/(V'3-V'4) = (V'2-V´1) /(V3-V4) because V´3=V3 and V´4 = V4 as we assumed that all the voltmeters and specially those connected in corners 3 and 4 have an almost infinite impedance, and consequently there is not current through Rc3 and Rc4
Having the differential voltage (V3-V4) and the table we can obtain (V'2-V´1). The difference between the voltage at corner 2 (V2) and (V'2-V´1) gives us the voltage drop at the current source contacts. Of course, if we divide this voltage drop by the current injected we will obtain the contact resistance of the two contacts in series:
The same result could be found if we measure, in addition, the potentials at V2 and V1 while we inject current at contact V3 and contact V4 is connected to ground.
To differentiate both rotations we will call V2 the potential at corner 2 when the current source is connected at this contact, and V´´2
and V´´1 when the current source is connected to contact 3. It is straightforward that
To distinguish between Rc1 and Rc2 we have to bear in mind that the line AA' is equipotential, irrespective of the contact resistances. Its potential is (V3+V4)/2 or (V'3+V'4)/2. Consequently we can write:
and the contact resistances could be easily deduced as follows:
These equations give us the contact resistances at the current source corners. By reversing the current, the rectifying character of the contacts could be detected. Also the linearity could be checked by changing the current source value. From equations 6 and 7 it is easy to prove that the condition V2 = V3+ V4 also holds if Rc1=Rc2. Finally, to evaluate RC3 and RC4 we can apply the same procedure, but injecting the current through contact 3 and 4.
To summarize all the former ideas we present in Fig 7 a flowchart of a complete process of measurement of the sheet resistance. It is assumed that the film under test is a single layer i.e.
that it is homogeneous in depth, thin enough to have a two dimensional potential distribution and that the sample geometry is precise enough. The process starts by calculating the  parameter associated with the particular geometry we have. Then we have to measure for each contact rotation the three potentials Vi for a particular injected current. For each configuration we have to check the equality  ln (2) ( 3 − 4 ) = 2 . If it is verified for the four sample rotations, we can guarantee that there are not any relevant contact resistances at any of the four corners. Now, the Vis are equal to V´is and we can check the in plane film uniformity by using the relation V2=V3+V4. If the equality does not hold, at least for a sample rotation, it means that the film is not uniform and the sheet resistance calculation is not reliable. If the equation holds, it is an indicator that the sheet resistance calculated as an average is a precise value. Using the  parameter we can estimate the error in the sheet resistance and eventually correct it.
( 3 − 4 ) = 2 does not hold, we can use equations [6] and [7] to calculate the contact resistances and deduce the intrinsic potentials V´i for the four corners. Having these potentials we can follow the procedure explained above.
No contact resistance
Determine Rci Eq (5-8)
Determine V´i = Vi -I. Rci To check the validity of the previous theory we present in Table III some Clearly when the current is entering the sample the contact resistance is in the order of kiloohms, while when the current is going out of the sample the resistance is below the error produced by the imprecision of the contact area. That points to rectifying contacts in all the corners. A better lithography would have been necessary to obtain more precise results. 
irrespective of the sample sheet resistance. Now, and depending on , the differential amplifier CMRR is straightforward.
We are not using a differential voltmeter but two digital voltmeters. In this case the formula [8] gives us the sensitivity we need for the voltmeters connected to contacts 3 and 4. This value of sensitivity has to be consistent with the  parameter, which in turn determines the geometrical error. For the sake of clarity let us assume a /l value of 0.16. According to Table 1 =2 and the error is 0.58%. In that case the quotient of equation 8 is 0.220, and if we want to preserve this error level the voltmeters should have a sensitivity of 0.13% (0.58x0.220%) i.e. if the common mode is for instance 1V the voltmeter has to be able to detect 1.3mV. This is clearly accomplished with a 4 and a half digit voltmeter and is in the limit of the sensitivity of a 3 and a half digit voltmeter.
The sensitivity required, in the case of ohmic contacts, depends on the alpha parameter and not on the injected current. It could be really demanding for samples with very small contacts relative to the sample size. In the case of limiting contacts, the burden resistance forces the use of more sensitive voltmeters as the common mode increases substantially. In that case the differential voltage is the same as in the former case (V3-V4) = (V´3-V´4), but the common mode is increased as:
finally:
Now, the voltmeter sensitivity has to be increased over that for the case when the contacts are ohmic in an amount that depends on the quotient between the resistance at contact 1 divided by the sheet resistance and the  parameter. Table I and Table II , except for 0 /l, as it has not physical meaning. As it can be seen, data fit almost perfectly to a logarithmic behavior. The fitting equation could be used to calculate the resistance of the sample between two contiguous contacts if we know the sheet resistance. This value is important because in case the /l value is very low when making high precision measurements, the resistance Rp could be several times the value of the sample sheet resistance and the impedance of the voltmeter used at the corners should be increased accordingly. voltmeter or (as in our case) voltmeters having an input impedance bigger than the sheet resistance or in some cases bigger than the resistance seen between each two corners but without specifying the value of this impedance. Of course, the impedance needed depends strongly on the sheet resistance, the contact size and the error we are ready to accept. In the figure 9 we give the quotient between the simulated sheet resistance over the nominal one in the simulation of a mesh of 48x48 resistors versus the quotient of the voltmeter impedance over the nominal sheet resistance. We have simulated the voltmeters just as impedances connected at corners 3 and 4. As it can be seen, to obtain the precision of 3% (the same precision obtained with 0.25 /l) we would need a voltmeter with a resistance about 300 times higher than that of the sheet resistance.
Conclusions:
In this paper we show that with the correct equipment and a carefully set up design it is possible to obtain a great quantity of information from the van der Pauw measurements that goes beyond the sole determination of resistivity. First of all, the PSPICE simulation gives us the possible errors that could be caused by geometrical factors, in particular the contact size. The acquisition of the voltages on all the corners relative to ground, together with PSPICE data allows us to determine the contact resistance for all the contacts. By varying the value and the direction of the current injected by the source we can also obtain an insight into the linearity and rectifying properties of the contacts. Also we can calculate the error produced by the finite voltmeter impedance.
